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Solution Set 6

Discrete Structures

1st day of April of the year of our Lord 2026

1. We will prove that (∀𝑎, 𝑏, 𝑥, 𝑦, 𝑛 ∈ ℤ)((𝑛 ∣ 𝑥 ∧ 𝑛 ∣ 𝑦)  ⇒ (𝑛 ∣ 𝑎𝑥 + 𝑏𝑦)).

Proof.  Let 𝑎, 𝑏, 𝑥, 𝑦, 𝑛 ∈ ℤ and assume that 𝑛 ∣ 𝑥 and 𝑛 ∣ 𝑦. By definition, this means 

there exist 𝑘𝑥 ∈ ℤ such that 𝑛 ⋅ 𝑘𝑥 = 𝑥, and there exists 𝑘𝑦 ∈ ℤ such that 𝑛 ⋅ 𝑘𝑦 = 𝑦.

𝑛 ⋅ 𝑘𝑥 = 𝑥 ⇒ 𝑛 ⋅ (𝑎 ⋅ 𝑘𝑥) = 𝑎 ⋅ 𝑥

𝑛 ⋅ 𝑘𝑦 = 𝑦 ⇒ 𝑛 ⋅ (𝑏 ⋅ 𝑘𝑦) = 𝑏 ⋅ 𝑦

By adding these equations together and factoring out 𝑛, we obtain the following.

𝑎 ⋅ 𝑥 + 𝑏 ⋅ 𝑦 = (𝑛 ⋅ (𝑎 ⋅ 𝑘𝑥)) + (𝑛 ⋅ (𝑏 ⋅ 𝑘𝑦)) = 𝑛 ⋅ (𝑎 ⋅ 𝑘𝑥 + 𝑏 ⋅ 𝑘𝑦)

Since 𝑎 ⋅ 𝑘𝑥 + 𝑏 ⋅ 𝑘𝑦 ∈ ℤ, we conclude that 𝑛 ∣ 𝑎 ⋅ 𝑥 + 𝑏 ⋅ 𝑦 by definition.

qed

2. a. We will prove (∀𝑧 ∈ ℤ)(2 ∤ 𝑧 ∨ 2 ∤ (𝑧 − 1)).

Proof.  Let 𝑧 ∈ ℤ and suppose, towards a contradiction, that 2 ∣ 𝑧 and 2 ∣ 𝑧 − 1. 

Then we know there exist 𝑘 ∈ ℕ and ℓ ∈ ℕ such that 2𝑘 = 𝑧 and 2ℓ = 𝑧 − 1 by 

definition. From this, we can see that 𝑧 = 2ℓ + 1, so that 2𝑘 = 2ℓ + 1. Observe.

2𝑘 = 2ℓ + 1 ⇒ 2𝑘 − 2ℓ = 1
⇒ 2(𝑘 − ℓ) = 1

Since 𝑘 − ℓ ∈ ℤ, this implies that 2 ∣ 1, so that |2| ⩽ |1|. The fact that 1 ∈ ℕ and 

2 ∈ ℕ implies 0 ⩽ 1 and 0 ⩽ 2, so we have that 1 = |1| and 2 = |2|, so that 2 ⩽ 1, 

from which we can deduce 2 = 1 ∨ 2 ∈ 1 by definition.

qed

b. We will prove (∀𝑧 ∈ ℤ)((𝑧 is even)  ⇔ (𝑧 + 1 is odd)).

Proof.  Let 𝑧 ∈ ℤ and observe.

𝑧 is even ⇔ 2 ∣ 𝑧 by definition of “even“

⇔ (∃𝑘 ∈ ℤ)(2𝑘 = 𝑧) by definition of divisibility

⇔ (∃𝑘 ∈ ℤ)(2𝑘 = (𝑧 + 1) − 1) since (𝑧 + 1) − 1 = 𝑧
⇔ 2 ∣ (𝑧 + 1) − 1 by definition of divisibility

⇔ 𝑧 is odd by definition of “odd“

Therefore, 𝑧 is even iff 𝑧 is odd.

qed

c. We will prove (∀𝑛 ∈ ℕ)((𝑛 is even) ∨ (𝑛 is odd)) by weak induction.

Proof. 

Basis Step:

Notice that 2 ⋅ 0 = 0, so that 2 ∣ 0 by definition, showing us 0 is even.
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Inductive Step:

Let 𝑘 ∈ ℕ and assume that (𝑘 is even) ∨ (𝑘 is odd). We take two cases.1 1inductive hypothesis

Case 1:

Suppose 𝑘 is even, meaning 2 ∣ 𝑘 by definition. Since (𝑘 + 1) − 1 = 𝑘, 

this clearly implies that 2 ∣ (𝑘 + 1) − 1, so that 𝑘 + 1 is odd by definition. 

Thus, (𝑘 + 1 is even) ∨ (𝑘 + 1 is odd).

Case 2:

Suppose that 𝑘 is odd, meaning 2 ∣ 𝑘 − 1 by definition. This means there 

exists ℓ ∈ ℤ such that 2ℓ = 𝑘 − 1 by definition. Adding 2 to both sides 

yields 2ℓ + 2 = (𝑘 − 1) + 2, which simplifies to 2(ℓ + 1) = 𝑘 + 1. Since 

ℓ + 1 ∈ ℤ, we can deduce 2 ∣ 𝑘 + 1, telling us 𝑘 + 1 is even by definition. 

Thus, (𝑘 + 1 is even) ∨ (𝑘 + 1 is odd).

In either case, we have shown that either 𝑘 + 1 is even or 𝑘 + 1 is odd.

Therefore, we can conclude that (∀𝑛 ∈ ℕ)((𝑛 is even) ∨ (𝑛 is odd)).

qed

3. We will show (∃𝑚 ∈ ℕ)(∀𝑛 ∈ ℕ)(𝑛 ⩾ 𝑚  ⇒ 𝑛2 < 2𝑛).

Proof.  Letting 𝑚 ≔ 5, we prove (∀𝑛 ∈ ℕ)(𝑛 ⩾ 5  ⇒ 𝑛2 < 2𝑛) by weak induction.2 2Since we are only prov­
ing 𝑛2 < 2𝑛 when 𝑛 ⩾ 5, we 
know that the statement we 
are trying to prove is vacu­
ously true (because it is a con­
ditional with a false premise) 
whenever 𝑛 ∈ {0, 1, 2, 3, 4}. 
It should therefore be rea­
sonable to “start” our induc­
tion by taking 5 as our basis 
step because that’s the “real” 
basis that we would have to 
explicitly prove anyways in 
the inductive step.

Basis Step:

Observe that 52 = 25 < 32 = 25.

Inductive Step:

Let 𝑘 ∈ ℕ, and suppose 𝑘 ⩾ 5  ⇒ 𝑘2 < 2𝑘.3

3inductive hypothesis

 Assume 𝑘 + 1 ⩾ 5, so that 𝑘 + 1 = 5 

or 𝑘 + 1 > 5. We now take two cases.

Case 1:

If 𝑘 + 1 = 5, we immediately have (𝑘 + 1)2 < 2𝑘+1 thanks to our basis step.

Case 2:

Suppose 𝑘 + 1 > 5. Notice that 𝑘 + 1 > 5  ⇔ 𝑘 > 4  ⇔ 𝑘 ⩾ 5  ⇔ 𝑘 − 2 ⩾ 3 

because 𝑘 ∈ ℕ. So, we know 𝑘 ⩾ 5 and 𝑘 − 2 ⩾ 3. The fact that multiplica­

tion is monotonic then tells us that 𝑘(𝑘 − 2) ⩾ 5 ⋅ 3 = 15 > 1. Now, observe.

𝑘(𝑘 − 2) > 1 ⇒ 𝑘2 − 2𝑘 > 1 ⇒ 𝑘2 > 2𝑘 + 1

Recalling that 𝑘 ⩾ 5, we apply our inductive hypothesis to see 𝑘2 < 2𝑘. Taking 

this in concert with 𝑘2 > 2𝑘 + 1, we can now make the following deduction.

(𝑘 + 1)2 = 𝑘2 + 2𝑘 + 1 by distributing several times and 1 + 1 = 2

< 𝑘2 + 𝑘2 since 𝑘2 < 2𝑘 + 1
< 2𝑘 + 2𝑘 by the inductive hypothesis

< 2 ⋅ 2𝑘 by distributivity, commutativity, and 1 + 1 = 2

< 2𝑘+1 by definition of exponentiation

Thus, in either case, we have that (𝑘 + 1)2 < 2𝑘+1.

Therefore, we conclude that (∀𝑛 ∈ ℕ)(𝑛 ⩾ 5  ⇒ 𝑛2 < 2𝑛) as desired.

qed
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4. We will show (∀𝑛 ∈ ℕ)(𝑛 ⩾ 4  ⇒ 2𝑛 < 𝑛!) by weak induction.

Proof.  As with the previous problem, we will perform induction on ℕ ∖ {0, 1, 2, 3}.

Basis Step:

Observe the following sequences of computations.

24 = 2 ⋅ 23

= 2 ⋅ (2 ⋅ 22)

= 2 ⋅ (2 ⋅ (2 ⋅ 21))

= 2 ⋅ (2 ⋅ (2 ⋅ (2 ⋅ 20)))

= 2 ⋅ (2 ⋅ (2 ⋅ (2 ⋅ 1)))

= 2 ⋅ (2 ⋅ (2 ⋅ 2))
= 2 ⋅ (2 ⋅ 4)
= 2 ⋅ 8
= 16

4! = 4 ⋅ (3!)
= 4 ⋅ (3 ⋅ (2!))

= 4 ⋅ (3 ⋅ (2 ⋅ (1!)))

= 4 ⋅ (3 ⋅ (2 ⋅ (1 ⋅ 0!)))

= 4 ⋅ (3 ⋅ (2 ⋅ (1 ⋅ 1)))

= 4 ⋅ (3 ⋅ (2 ⋅ 1))
= 4 ⋅ (3 ⋅ 2)
= 4 ⋅ 6
= 24

Since 16 < 24, we conclude that 24 < 4! as required.

Inductive Step:

Let 𝑘 ∈ ℕ ∖ {0, 1, 2, 3}, so that 𝑘 ⩾ 4, and assume 2𝑘 < 𝑘!.4 4inductive hypothesis First, we can notice 

that 𝑘 + 1 > 𝑘 ⩾ 4 > 2; this then implies 2 ⋅ 𝑘! ⩽ (𝑘 + 1) ⋅ 𝑘! by the monotonicity 

of multiplication. We can then observe the following sequence of inequalities.

2𝑘+1 = 2 ⋅ 2𝑘 by definition of exponentiation

< 2 ⋅ 𝑘! by the inductive hypothesis

⩽ (𝑘 + 1) ⋅ 𝑘! since 2 ⋅ 𝑘! ⩽ (𝑘 + 1) ⋅ 𝑘!

= (𝑘 + 1)! by definition of the factorial function

Thus, we arrive at 2𝑘+1 < (𝑘 + 1)!, concluding our inductive step.

Therefore, (∀𝑛 ∈ ℕ)(𝑛 ⩾ 4  ⇒ 2𝑛 < 𝑛!).

qed

5.
We will show (∀𝑛 ∈ ℕ)

(

∑

𝑛

𝑖=1
ℱ︀(2𝑖 − 1) = ℱ︀(2𝑛)

)



 by weak induction.

Proof. 

Basis Step:

First, notice ∑0
𝑖=1 ℱ︀(2𝑖 − 1) = 0 by definition since 0 < 1. Second, we can see 

ℱ︀(2 ⋅ 0) = ℱ︀(0) = 0 by definition. Therefore, ∑0
𝑖=1 ℱ︀(2𝑖 − 1) = 0 = ℱ︀(2 ⋅ 0).

Inductive Step:

Let 𝑘 ∈ ℕ and assume ∑𝑘
𝑖=1 ℱ︀(2𝑖 − 1) = ℱ︀(2𝑘).5 5inductive hypothesis We can now simply observe.
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∑
𝑘+1

𝑖=1
ℱ︀(2𝑖 − 1) =

(


∑

𝑘

𝑖=1
ℱ︀(2𝑖 − 1)

)



+ ℱ︀(2(𝑘 + 1) − 1) by definition of∑

= ℱ︀(2𝑘) + ℱ︀(2(𝑘 + 1) − 1) by the inductive hypothesis

= ℱ︀(2𝑘) + ℱ︀(2𝑘 + 1) because 2(𝑘 + 1) − 1 = 2𝑘 + 1

= ℱ︀(2𝑘 + 2) by definition of ℱ︀(⬚)

= ℱ︀(2(𝑘 + 1)) since 2𝑘 + 2 = 2(𝑘 + 1)

Thus, we have that ∑𝑘+1
𝑖=1 ℱ︀(2𝑖 − 1) = ℱ︀(2(𝑘 + 1)) as desired.

We therefore conclude ∑𝑛
𝑖=1 ℱ︀(2𝑖 − 1) = ℱ︀(2𝑛) for all 𝑛 ∈ ℕ.

qed
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