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1. a. We will prove VxVy(P(x) UP(y) CP(xUy)).
Proof. Letx and y be sets. Let  be a set and assume t € P(x) U P(y). By defin-
ition, this means t € P(x) or t € P(y), which implies t C x or t C y by definition.

Case 1:
Suppose t C x. We then know ¢ C x Uy,! so that t € P(x Uy) by definition.

Case 2:
Supposet Cy,sothatt CyUx2SinceVz(z€ExVzEyY © zEYVZEX),
we know y U x = x U y by the axiom of extensionality. This implies t C x U y,
so that t € P(x Uy) by definition.

QED

b. We will prove 3x3y(P(x) U P(y) # P(xUy)).
Proof. Recall that we proved @ exists. By the axiom of pairing, we know {@, @}
exists, and {@, @} = {@&} by the axiom of extensionality. Similarly, the axiom of pair-
ing tells us {{@}, {@}} exists, and {{@},{@}} = {{@}} follows from the axiom of
extensionality. Let x := {@} and y := {{@}}. For any set t, we can see the following:
te{o,{o}} © t=gvi={a} by definition
o te{o}vte{{a}} Dby definition
e texuvy by definition
Since we know x Uy C x U y,? this implies {@, {@}} € P(x Uy) by definition.
However, notice that @ & y because @ # {@} by the axiom of extensionality. This
implies {@, {@}} € v.
o+ {0} = {o)¢{o}Ao¢&{{s}} by def. of set roster notation
= {(B}¢ExNDEY by def. of x and y
= {2,{2}} £x A {2,{2}} Ly by def.of C
= {2,{2}} € P(x) UP(y) by def. of P(-)
Therefore, we conclude P (x) U P(y) # P(x Uy) by the axiom of extensionality.
QED
c. Wewill prove VaVy(x Ny =y = y € P(x)).

Proof. Let x and y be sets, and assume x Ny = y. Let ¢ be a set such that t € y.
Then, by the axiom of extensionality, we know t € x Ny, implyingt € x A t € y by
definition. From this, we can see f € x. Thus, y C x by definition, from which we
immediately see y € P(x) follows by definition.

QED
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d. We will prove VxVy(y € P(x) = xNy =y).

Proof. Let x and y be sets, and assume y € P(x). This means y C x by definition.

We will now show that y C x N y. Let t be a set, and assume t € y. Then, since
y C x, we know t € x by definition. This impliest e x At €y, sothatt e x Ny
by definition. Therefore, y C x N y by definition. Since we also know x Ny C y,*
we can concludex Ny = y.°

QED

. a. We will prove that ‘v’x(((x U {x})\ {x}) = x).
Proof. Let x be an arbitrary set. Let t be an arbitrary set.

Fragment 1: Forwards.

Suppose t € (x U {x}) \ {x}, so that t € x U {x} and ¢ & {x} by definition.
From our first assumption, we can see t € x V t € {x} by definition. Using
our second assumption, we derive t € x.°

Fragment 2: Backwards.

Suppose t € x, which implies t € x V t € {x}, so t € x U {x} by definition.
Recalling that Yw(w ¢ w),” we can see t # x from our assumption ¢ € x.
Therefore, t € (x U {x}) \ {x} by definition.

Therefore, (x U {x}) \ {x} = x by the axiom of extensionality.
QED

b. We will prove thatx Ay = (xUy) \ (xNy) for all sets x and y.
Proof. Let x and y be sets. Let t be an arbitrary set and observe the following.
teExAy o te(x\y)u(y\x) by definition
o { |(zex\y) v zey\x)} by definition

= z|(zexAnzgy)V(z€EyAz&x)} by definition
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zeExVzEY)A-(zExNZEY)}

=

( v (
e {z] ( )V
{ |(zexvzey)a(zexvzey)}
{z|(zexuy /\(zeéxﬂy)} by definition
e te(xuy)\ (xNy) by definition
Therefore, x Ay = (x Uy) \ (x Ny) by the axiom of extensionality.
QED

. a. We will show that Vx(x # x U {x}).

Proof. Let x be a set. Towards a contradiction, suppose x = x U {x}. Recall that
x € {x}, so x € x U {x} by definition. This implies that x € x by the axiom of
extensionality. However, we know Yw(w & w).® ¢ Therefore, x #+ x U {x}.

QED

b. We will show that VxVy(x Fy = xU{x}#yu {y})

Proof. Let x and y be sets such that x # y. Towards a contradiction, suppose that
x U {x} =y U {y}. Notice that x € {x} by definition and observe.
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xe{x} =

=
=

=

xexVxe{x}
xe{z|zexvze{x}}
x € xU{x}

xeyu{y}
xefz|zeyvze{y}}
xeyVvxe{y}
XeEYVx=y

XEyY

by disjunction introduction
by definition

by definition

by the axiom of extensionality
by definition

by definition

by definition

because x # y

This sequence of implications forces us to infer that x € y. If we also notice that
y € {y} by definition, we are compelled to draw a similar conclusion about y.

yely} =

=

U

L

yeyvye{y}
yefzlzeyvze{y}}
y €y Uy}

y € x U {x}
ye{z|zexvze{x}}
yexVxe{x}
yeEXVYy=x

yEX

by disjunction introduction
by definition

by definition

by the axiom of extensionality
by definition

by definition

by definition

because x # y

So now we have both x € y and y € x. However, we also happen to know
VaVb(a €b = b ¢ a),° which we proved using the axiom of regularity. §

Therefore, x U {x} # y U {y}.

QED

4. We will show that the Cartesian product of any two sets exists. To be clear, we will
prove the formal sentence VxVy3z(z = x x y).

Proof. Let X and Y be sets. Recall that X U Y exists.!® We can then apply the axiom
of power to see P(X U Y) exists; applying this axiom again shows us P(P(X U Y))
exists. Now, by the axiom schema of separation, the set 3 shown below exists.

m:{z‘zeP(P(XUY))/\EIxEIy(xEX/\yEY/\z:(x,y))}

We will prove 8 = X x Y by setting up an invocation of extensionality. Let t be a set.

Fragment 1: Forwards.
Suppose t € P. This means t € P(P(X U Y)) and that there exist sets x and y
such that x € X and y € Y and t = (x,y). However, this means precisely that
te {(a,b) |a eEXANbe Y}, sot € X x Y by definition.

Fragment 2: Backwards.
Suppose t € X x Y, so that t = (x,y) for some x € X and y € Y. Recall, by defi-
nition, t = (x,y) = {{x}, {x, y}} We have the following inference by definition.

xeX = {x}CX = {x} eP(X)
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Below, we derive an analogous inference to the one above; please observe.

xEXAYEY = (xeXUY)A(yeXuy)
= {xy}CXUY by definition
= {xy}eP(XUY) by definition
Therefore, {{x}, {x,y}} C P(X UY) by definition. This leads us to the impor-
tant realization that {{x}, {x,y}} € P(P(X UY)) by definition, which implies

that t € P(P(X U Y)). Since we knew that 3a3b(a € X AbE Y At = (a,b))
already, we can now conclude t € 3 by definition.

Therefore, by the axiom of extensionality, we utter p = X x Y and rest.
QED
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