Problem Set 3

Discrete Structures

Due on the 15" day of February of the year of our Lord 2026 at 11:59 pm

As always, you may rely on any statement we have previously proven in lectures and
problem sets. You should solve the problems in order; solutions to previous problems
may be used as theorems to solve later problems.

The axioms, rules of inference, theorems, and other results of the zeroth-order and first-
order logic can be used without explicitly citing them from this problem set onwards.

You should only need to rely on Axioms o, 1, and 2 for this problem set.! 'From now on, when we re-
fer to “Axioms” in the con-
For any sets A and B, we make the following definitions: text of mathematics, we are
referring to the axioms of
- Wesaythat XC Y = Vz(z€X = z€Y). Zermelo-Fraenkel set theory
- The union over X is given by UX := {y | Jx(xeX Ay e x)} as we've presented them un-

less otherwise stated.

- The union of X with Y is givenby X UY :={z|z€e X vz € Y}.

- The intersection over X is given by NX := {y | Vix(xeX = y € x)}
- The intersection of X with Y is givenby XNY :={z|z€ X Az € Y}.
- The ordered pair (x,y) is given by (x,y) = {{x}, {x,y}}.

. Prove ‘v’x‘v’sz((xgyAygz) = xgz).

>
o

b. Prove VxVy(x Ny C x).

c. Prove VxVy(x CxUy).

d. Prove VaVy(xny CxUy).
2. a. Prove VxVyEip(p = (x,y)).

b. Prove Vu‘v’b‘v’x‘v’y((u,b) =(xy) ® (a=xAb= y))
3. a. Prove that Vx(x U {x} # @).

o

. Prove that VxVy(x #y = xU{x} #yU {y})
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