Solution Set 2
Discrete Structures

8t day of February of the year of our Lord 2026

As always, you may rely on any statement we have previously proven in lectures and
problem sets. You should solve the problems in order; solutions to previous problems
may be used as theorems to solve later problems.

1. We will prove each of the following statements for all propositions ¢, ¥, ¢, and x.
a. We provide two proofs of + (=¢ — ¢) - ¢.
Proof 1. Let ¢ be a proposition.
(=@ - @) > @p=(-=pVe)—>¢ byconditional disintegration

=(pVve)-oe by double negation
=p-y9 by idempotency

We know ¢ — ¢ by problem 2.b. from Problem Set 1. Therefore, (=g — ¢) — ¢.

QED

Proof 2. Let ¢ be a proposition. In the interest of setting up a use of the deduction
rule, assume —¢ — ¢. This is equivalent to ~—¢ V ¢ by conditional disintegration.
From this, we can derive ¢ V ¢ by double negation, and then get ¢ by idempotency.

Thus, we know —¢ — ¢ + ¢. Therefore, by the deduction rule, we can conclude
(—¢ = @) — ¢ as desired.
QED

b. We provide two proofsof ¢ = ¢ V 9.
Proof 1. Let ¢ and i be propositions. Assume ¢. Observe the following.

- (pVvyp)==9V (pVvy) by conditional disintegration

(—'4’ \ 4’) VY by associativity
=Tvy by complement

=T by domination

We know T by problem 2.c. from Problem Set 1. Thus, we can say ¢ — (¢ V ¢).
Then, by modus ponens, we can conclude ¢ Vv .
QED

Proof 2. Let ¢ and ¢ be propositions. Assume ¢. Towards a contradiction,
assume —(¢ V 1), which is equivalent to =@ A =t by De Morgan’s laws. We
can then apply conjunction elimination to obtain —¢, clearly contradicting our
assumption ¢. ¢

Therefore, we can conclude ¢ Vv ¢ by reductio ad absurdum.
QED



c. We provide two proofsof (¢ v ), (¢ = ¢), (¢ - &) + .

Proof 1. Let ¢, ¢, and ¢ be propositions. Assume ¢ — ¢ and ¢ — ¢. Also assume
@ V . By conjunction introduction, we thenknow (¢ — &) A (3 — ¢). Recall that
(9= &)A(p—>¢)= (¢ V) - ¢ by problem 1.e. on Problem Set 1, producing
(¢ vV ¢) = &. We then have ¢ by modus ponens as desired.

QED

Proof 2. Let ¢, 1, and ¢ be propositions. Assume ¢ — ¢ and ¢ — ¢. Also assume
¢ V . Towards a contradiction, suppose —¢.

We then know —¢ by modus tollens. Similarly, we have — by modus tollens. By
conjunction introduction, we then have —¢ A —. This is evidently equivalent to
—(¢ V ) by De Morgan’s laws, contradicting our assumption ¢ V . #

Therefore, by reductio ad absurdum, we can conclude ¢.
QED

d. We provide two proofs of ¢, ¢ + .
Proof 1. Let ¢ be a proposition. Assume ¢, and also assume —¢.

Let 1 be an arbitrary proposition, and notice that ¢ — (=9 — ¢) follows from
Hilbert’s first axiom.* Applying modus ponens, we then know -1 — ¢. We canthen  'This s Theorem 1.7 in the lec-

see the following. ture notes.

- - ¢ ==¢ — = by problem 1.b. from Problem Set 1
=g by double negation

Thus, we have —¢ — 3. Therefore, we conclude y by modus ponens.
QED

Proof 2. Let ¢ and ¢ be propositions. Assume both ¢ and —¢. Towards a contra-
diction, suppose that —1. Recall that ¢ and also —¢. ¢

Therefore, since =i + ¢ and =1 = —¢, we conclude ¢ by reductio ad absurdum.
QED

e. We will prove (¢ V ¢), —¢ .

Proof. Let ¢ and 1 be propositions. Assume ¢ V ¢, and assume —¢. Notice

that ¢ v ¥ is equivalent to ——¢ Vv ¢ by double negation, and this expression is

equivalent to —¢ — ¢ by conditional disintegration. By modus ponens, we have .
QED

f. We provide two proofs of (¢ = &), (¢ = x), (¢ vV ¢) + (& V x).

Proof 1. Let ¢, 1, ¢, and x be propositions. Assume ¢ — ¢,  — x, and ¢ V ¢.
Notice that ¢ Vv ¥ is itself equivalent to =—¢ V ¢ by double negation, and that is
equivalent to —~¢ — ¥ by conditional disintegration.

We have —¢ — x by the hypothetical syllogism. This is equivalent to -y — ——¢
by problem 1.b. from Problem Set 1. With the same justification, we know that
our premise ¢ — ¢ is equivalent to = — —¢. Applying the hypothetical syllogism
again, we obtain —¢ — x. This is equivalent to ¢ V x by conditional disintegration.

QED



Proof 2. Let ¢, i, ¢, and x be propositions. Assume ¢ — ¢, i — x, and ¢ V .

Towards a contradiction, assume that —\(é‘ V )(), which we know is equivalent
to =& A = by De Morgan’s laws. Notice that this is also equivalent to =y A =¢

by commutativity. We can thus use conjunction elimination to produce —¢ and —y.

Now, from —=¢ and ¢ — {, we obtain —¢ using modus tollens. Similarly, from
—x and ¥ — x, we also obtain =y by modus tollens. We then have —¢p A =
by conjunction introduction. This is equivalent to (¢ V ¢) by De Morgan’s laws,
contradicting our earlier assumption ¢ V 1. ¢

Therefore, we can conclude ¢ V x by reductio ad absurdum.
QED

. Consider a universe of discourse containing all human beings who have ever
existed or been mentioned in literature. Let # and w be unary predicates.

We will prove Vax(pu(x) - w(x)), u(Socrates) + w(Socrates).

Proof. Assume Vx(u(x) — w(x)) and also yi(Socrates). By universal elimination,?
we have y(Socrates) — w(Socrates). Therefore, w(Socrates) by modus ponens.
QED

. Consider a non-empty universe of discourse consisting of all persons inhabiting
New Port City, Japan in the year 2029 ap. Let & and y be unary predicates.

We will prove Vx(—y(x) - a(x)), ~a(Kusanagi) + 3x(y(x)).

Proof. Assume Vx(—y(x) - a(x)) and —«(Kusanagi). By universal elimination,
we then know —7(Kusanagi) — «(Kusanagi). By modus tollens, this produces
—~—7y(Kusanagi), which is equivalent to 7y (Kusanagi) by double negation.

We can then conclude 3x (7 (x)) by existential introduction.
QED

. Let £ be a binary predicate. We demonstrate —.Hx‘v’y(il(x,y) o —&)(y,y)).

Proof. Towards a contradiction, assume —\—\Eley(S(x,y) - =£(y,y) ), which
is clearly equivalent to Eley(E(x,y) o —|£(y,y)) by double negation.

By existential elimination, we then know Vy(il(t,y) o —dl(y,y)) for some t. We
can then apply universal elimination* to assert £(t,t) < —£(t,t). Now, observe.

L(t,t) & =L(tt) = (L(tt) » =L(L 1)) A (=L(tt) - £(t,t)) by bicond. dis.
= (=Lt 1) vV L) A (==L(LtE) v £(1t)) by cond. dis.

(=Lt t) v =&t 1)) A (£t 1) v £(1t)) by double neg.

= -L(tt) A L(¢L 1) by idemp.

= A by compl.

Therefore, 1, which is equivalent to =T thanks to Corollary 1.1 from the lecture
notes. However, T by problem 2.c. from Problem Set 1. §

Therefore, —Eix‘v’y(S(x,y) - ﬂS(y,y)> by reductio ad absurdum.
QED

2... with the term Socrates...

3... with the term Kusanagi...

4... with the term ¢...



3. Consider a universe of discourse consisting of the natural number and define the

predicate 77(x) := “z is a prime number.” Let ¢ be the statement ¢ — Vx(7(x)).5 SThis is an example of a Curry
sentence, named after math-

We will prove that 4 is prime Imao. ematician and computer sci-
entist Haskell Curry.

Proof. The first thing we will do is prove @. Recall that ¢ is defined to be the
statement ¢ — Vx(7r(x)), which is a conditional statement. In order to prove this, we
will set up a use of the deduction rule.

Assume ¢. By definition, this means we know ¢ — Vx(7t(x)). Now, by applying
modus ponens, we have Vx(7t(x)). Therefore, we know ¢ + Vx(7r(x)) by definition.
So, ¢ — Vx(7(x)) by the deduction rule. This means we have proven ¢ by definition.

Okay, now we know ¢. By definition, this means we know ¢ — Vx(7(x)). Then,

by modus ponens, we can say that ‘v’x(n(x)). As a result, by universal elimination, we

assert 71(4), which says precisely that 4 is a prime number, concluding our proof.
QED
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