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The Inductive Nature of Arithmetic

Recall that we introduced a new, compact notation for expressing a common class
of first-order sentences. We will now generalize this notation to any finite number of
variables that are all quantified the same way.

Definition 6.1: Restricted Quantifier Notation.
Given a set X and a positive integer 1, we make the following definitions.!

(Vxy,..ox, € X)(p(x)) e Vxl...Vxn((xl EXAN..AXx, EX) = gp(x))
(Fxq,ox, € X)(p(x)) e Elxl...EIxn((xl EXAN..Ax, €X)A (p(x))

The Least Element Principle

Definition 6.2: Order on N.
Given x,y € N, we define what it means for x to be (strictly) less than y as follows.

x<y = xegy
Similarly, for any x,y € N, we define what it means for x to be less than or equal to y.2
xSy e (x<y)Vv(x=y)

We further definex >y & y<xandx >y :© y<xforeveryx € Nandy € N as
you might expect. These definitions establish a strict total order < on N, along with a
corresponding weak total order <, as we will see in the theorem below.

Theorem 6.1: The Natural Numbers are Linearly Ordered by <.
The order < defined on the set N has the following four properties.

1. (Vxe N)(x<x). Reflexivity
2. (Vxye N)((x SYAy<x) = x= y). Antisymmetry
3. (Yxy,z€ N)((x SYAy<z) = x< z). Transitivity
4. (VxyeN)(x<yvy<x). Totality

The first three properties make N with < a partially ordered set;® the inclusion of the last
property makes N with < a linearly ordered set.

In fact, the order < we just defined has one more remarkable property: whenever we
look at a nonempty set of natural numbers—call it M, where M C N and M # g—we

can always find an element m € M that is smallest according to the order < we defined.

To say that m is the smallest element of M formally, we would say that m is “smaller than
anything else in M,” which we could express as (Vn € M) (m < n).

Theorem 6.2: Least Element Property of N.
VM((MCNAM#@) = (I3meM)(VneM)(m<n)).

This theorem is written with our new notation. To be clear, this theorem is equivalent to

the following sentence: Vx((x CNAx#2) = Ely(y ExAVz(z€x = y < z)))

This immensely important theorem tells us that N is well-ordered by <, and that makes
it possible for us to prove properties of natural numbers in an interesting way.
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We are using the phrase
“positive integer” here in an
intuitive way to denote the
number of variables being
quantified. The numbers ap-
pearing in subscripts—such
as xy and x, —are just ways
of distinguishing variables
from each other.

2Whenever we define a strict

order < on a set X, we can
always define a weak version
< of that order by saying
x<y e x<yvx=y for
allx,y € X.

3We say a relation < on a
set X is a partial order by
definition iff the relation is
reflexive, antisymmetric, and
transitive; i.e., the relation <
satisfies the first three prop-
erties listed in Theorem 6.1.
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Theorem 6.3: Weak Induction.
For any wff ¢ with at most one free variable, the following equivalence holds.

(VneN)(p(n) « ¢0) A (YkeN)(pk) = g(suc(k)))

Proof. Let ¢ be a wff. We will prove the equivalence by showing both directions.

Fragment 1: Forwards.

Assume (Vn € N)(¢(n)). This immediately implies ¢(0) since 0 € N. For the
rest of the proof, let k € N and assume ¢(k). Observe that (p(suc(k)) because
we assumed (Vn € N)(¢(n)). Therefore, (k) = (p(suc(k)), and we can thus
conclude (Vn € N)((p(n) = go(wc(n))) as desired.

Fragment 2: Backwards.

Assume ¢(0) and (Vk € N) (go(k) = go(suc(k))). Towards a contradiction, sup-
pose there exists n € N such that —¢(n). Consider M := {x | x € N A =¢(x)}, the
set of all counterexamples to ¢. Because we assumed —¢(n) and n € N, we know
that n € M by definition, so M # @. Further, M C N because every element of M
must be a natural number. Thus, we know that there exists some m € M such that

(Vx € M) (m < x) by Theorem 6.1. Since m € M, we know m € N*and —¢(m). 4Recall there are two kinds
of natural numbers: zero and
Case 1: the ones that are successors.

Suppose m = 0 and recall that —¢(m) because m € M. We know ¢(0) by
assumption, which means we know ¢(m), contradicting —¢(m). ¢

Case 2:
Suppose that there exists £ € N such that m = suc(f). We now take two cases.

Case 2.1:

Suppose ¢(£). Recall (Vk € N)((p(k) = (p(ﬁuc(k))), so that we have
@(t) = @(suc(?)), which implies ¢(€) = ¢(m). By modus ponens, we
obtain ¢ (m). This contradicts —¢(m), which we know because m € M. ¢

Case 2.2:

Suppose —¢({), telling us that { € M by definition. Since m is the least
element of M, we know m < {, implying (m € ) v (m = {) by definition.
Now, recall that m = suc(), meaning m = ¢ U {¢} by definition. Because
¢ e {€}, we know £ € L U {{}, and thus { € m. Since we know Vx(x & x),
we can say { # m. Combining all of these facts together, we realize that
m € {and € € m, contradicting the theorem VxVy(x €y = y &€ x). ¢

We have contradictions in both cases, so we instead conclude ¢(n) as desired.

Having proven both directions, we are now burdened with the weight of knowing that

(V€ N)(p(n)) & 9(0) A (Vk e N)(p(k) = g(suc(k))).

QED
Lemma 6.1.
(Vx € N)(suc(x) #£0).

Proof. Let x € N. Notice that x € {x}, so that x € x U {x}, so that x € suc(x) by defin-
ition. Therefore, suc(x) # @, which means suc(x) # 0 by definition.
QED
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Addition
Definition 6.3: Addition on the Natural Numbers.
We define how to add a natural number n € N with another one as follows.
n+0 =n
n+ suc(m) :=suc(n+m) ifmeN
Lemma 6.2.
1+1=2.
Proof. Observe the following sequence of equalities.
1+1=1+suc(0) by definition of 1
=suc(l +0) by definition of +
= suc(1) by definition of +
=2 by definition of 2

Therefore, 1 + 1 = 2. Rejoice.

QED
Lemma 6.3.
(Vxe N)(x +0 =x).
Proof. Let x € N and observe that x + 0 = x by definition of addition on N.
QED

Lemma 6.4.
(VxeN)(0+x =x).

Proof. We will show (Vn € N)(0 + n = n) by weak induction.

Basis Step:
Observe that 0 + 0 = 0 by definition of addition on N.

Inductive Step:
Letk € N, and assume that 0 + k = k. We will show 0 + suc(k) = suc(k). Observe.
0 + suc(k) = suc(0 + k) by definition of +
= suc(k) by the inductive hypothesis
Therefore, we can conclude (Vn € N)(0 + n = n) as desired.
QED

Lemma 6.5.
(Vx € N)(x + 1 = suc(x)).

Proof. Let x € N. Observe the following.
x+1=x+suc(0) by definition of 1
= suc(x +0) by definition of +
= suc(x) by definition of +

Therefore, x + 1 = suc(x) as desired.
QED
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Theorem 6.4: Associativity of Addition.
(Vx,y,zeN)(x+ (y+2) = (x+y) +2).

Proof. Letx,y € N. We prove (Vz € N)(x + (y +z) = (x +y) + z) by weak induction.

Basis Step:
Notice that x + (y + 0) = x +y = (x + y) + 0 by definition of addition on N.

Inductive Step:
Letk € N and assume that x + (y + k) = (x + y) + k. Observe now the following.

X + (y + 5uc(k)) =x+suc(y+k) by definition of +
= suc(x + (y +k)) by definition of +
= 5uc( (x+y)+ k) by the inductive hypothesis
= (x+y) +suc(k) by definition of +
We thus have x + (y + suc(k) ) = (x +y) + suc(k).

We can therefore conclude that (Vz € N)(x + (y +z) = (x +y) + z) as desired.

QED
Theorem 6.5: Commutativity of Addition.
(Vx,yeN)(x+y=y+x).
Proof. This proof is left as an exercise to the reader. o

6.3 Multiplication

Definition 6.4: Multiplication on the Natural Numbers.
We define how to multiply a natural number n € N with another one as follows.

n-0 =0

n-suc(m):=(m-m)+n ifmeN
Lemma 6.6: One is the Multiplicative Identity.
(VxeN)((x-1=x) A (1-x=x)).

Proof. First, letn € N and observe thatn -1 =n-suc(0) = (n-0) + n =0+ n by the
definition of multiplication. Recalling that addition is commutative, we can then see
0 +n =n+ 0 = n by the definition of addition. Thus, (Vx € N)(1-x = x).

Next, we will prove (Vx € N)(1 - x = x) by weak induction.

Basis Step:
Observe that 1 -0 = 0 by the definition of multiplication.

Inductive Step:
Letk € N and assume 1 - k = k. We will now show 1 - suc(k) = suc(k). Observe.

1-suc(k) = (1-k)+1 by definition of multiplication
=k+1 by the inductive hypothesis
= suc(k) because (Vo € N)(8uc(z) =z +1)

Therefore, we can conclude that (Vx € N)(1-x = x).
QED
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Lemma 6.7: Zero is the Multiplicative Annihilator.
(VxeN)((x-0=0) A (0-x=0)).

Proof. First, let n € N and observe that n - 0 = 0 by the definition of multiplication.

Thus, (Vx € N)(x -0 = 0). Next, we will show (Vx € N)(0 - x = 0) by weak induction.

Basis Step:
Observe that 0 - 0 = 0 by the definition of multiplication.

Inductive Step:
Letk € N and assume 0 - k = 0. We will now show 0 - suc(k) = 0. Observe.

0-suc(k) = (0-k) +0 by definition of multiplication
=0+0 by the inductive hypothesis
=0 by definition of addition
Thus, we have that 0 - suc(k) = 0 as desired.

Therefore, we can conclude that (Vx € N)(0-x = 0).

QED
Theorem 6.6: Distributivity of Multiplication over Addition.
(Vx,y,z€N)(x-(y+2) = (x-y) + (x-2)).

Proof. Left as an exercise for the reader. O

Theorem 6.7: Associativity of Multiplication.
(Vx,y,z€N)(x- (y-2) = (x-y) - 2).
Proof. Letx,y € N. We will prove (Vz € N)(x- (v-z)=(x-y) -z) by weak induction.

Basis Step:
Notice thatx - (y-0) = x - 0 = 0 by the definition of multiplication on N. Similarly,
we can see that (x - y) - 0 = 0 by the same definition. Thus, x - (y-0) = (x-y) - 0.

Inductive Step:
Letk € N, and assume x - (y - k) = (x - y) - k. We now observe with our eyeballs.
x-(y-suc(k)) =x-((y-k)+y) by definition of -
(y-k)+x-y by distributivity of - over +
-y) -k+x-y by the inductive hypothesis
-y) -suc(k) by definition of -

As a result, we have that x - (y - suc(k) ) = (x-y) - suc(k).
Therefore, we can conclude (Vz € N)(x (y-z)=(x-y) -z) as desired.

QED
Theorem 6.8: Commutativity of Multiplication.

(Vxy EN)(x-y =y-x).

Proof. This proof is left as an exercise to the reader.

QED
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Higher-Order Operations

Definition 6.5: Exponentiation.
We define how to exponentiate any n € N with a natural number exponent as follows.
nd:=1
noe(m) =y .y ifm e N
Theorem 6.9.
(Vx,y,z € N)(a¥ - x% = V%),

Definition 6.6: Tetration.
We define how to raise any n € N to a natural number exponent recursively below.

nto = 1l

n 1 suc(m) == n"M ifme N
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