
Problem Set 5

Discrete Structures

Due on the 21st day of October of the year of our Lord 2026 at 11:59 pm

Justify each of your answers with an argument or a proof as appropriate.

Answers presented without proof or justification are worse than incorrect.

Axiom 0: Infinity.
There exists a set—which we will denote ℕ—with the following properties.

1. ⌀ ∈ ℕ ∧ ∀𝑛(𝑛 ∈ ℕ ⇒ 𝑛 ∪ {𝑛} ∈ ℕ)
2. ∀𝑀((⌀ ∈ 𝑀 ∧ ∀𝑚(𝑚 ∈ 𝑀 ⇒ 𝑚∪ {𝑚} ∈ 𝑀)) ⇒ ℕ ⊆ 𝑀)

Axiom 1: Extensionality.
∀𝑥∀𝑦(𝑥 = 𝑦 ⇔ ∀𝑧(𝑧 ∈ 𝑥 ⇔ 𝑧 ∈ 𝑦))

Axiom 2: Pairing.
∀𝑥∀𝑦∃𝑧(𝑧 = {𝑥, 𝑦})

Axiom 3: Union.
∀𝑥∃𝑦(𝑦 = ∪𝑥)

Axiom 4: Schema of Separation.
For any wff 𝜑 with at most one free variable, we have ∀𝑥∃𝑦(𝑦 = {𝑧 | 𝑧 ∈ 𝑥 ∧ 𝜑(𝑧)}).

Axiom 5: Power.
∀𝑥∃𝑦(𝑦 = {𝑧 | 𝑧 ⊆ 𝑥})

Axiom 6: Regularity.
∀𝑥(𝑥 ≠ ⌀ ⇒ ∃𝑦(𝑦 ∈ 𝑥 ∧ 𝑥 ∩ 𝑦 = ⌀))

1. Given two arbitrary sets 𝑥 and 𝑦, we define the ordered pair between them to be 

the set (𝑥, 𝑦) ≔ {{𝑥}, {𝑥, 𝑦}}.(𝑥, 𝑦)  This is a “good” definition for the idea of an ordered 

pair because (𝑥, 𝑦) = (𝑎, 𝑏) ⇔ ((𝑥 = 𝑎) ∧ (𝑦 = 𝑏)) for any choice of 𝑥, 𝑦, 𝑎, and 𝑏. In this problem, you may take for 
granted that ∀𝑥∀𝑦(∪{𝑥, 𝑦} = 𝑥 ∪ 𝑦) 
and ∀𝑥∀𝑦(∩{𝑥, 𝑦} = 𝑥 ∩ 𝑦).a. To show how we can recover the first coordinate, prove ∀𝑥∀𝑦(∪∩(𝑥, 𝑦) = 𝑥).

b. For the second, prove ∀𝑥∀𝑦(𝑥 ≠ 𝑦 ⇒ ∪((∪(𝑥, 𝑦)) ∖ (∩(𝑥, 𝑦))) = 𝑦).

2. Given two arbitrary sets 𝐴 and 𝐵, we define the Cartesian product between them 

to be the set 𝐴×𝐵 ≔ {𝑝 | ∃𝑎∃𝑏(𝑎 ∈ 𝐴 ∧ 𝑏 ∈ 𝐵 ∧ 𝑝 = (𝑎, 𝑏))}.𝐴×𝐵  This definition can 

be expressed with more concise notation as 𝐴×𝐵 ≔ {(𝑎, 𝑏) | 𝑎 ∈ 𝐴 ∧ 𝑏 ∈ 𝐵}.1 You can use either version of the defin­
ition. The first version is more explicit 
(more “basic”), so if you have trouble 
understanding what it means to be an 
element of {(𝑎, 𝑏) | 𝑎 ∈ 𝐴 ∧ 𝑏 ∈ 𝐵} for­
mally, then you should stick to the first 
definition, which explicitly tells you 
what it means for an arbitrary object 𝑝 
to be an element of 𝐴×𝐵.
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Prove that ∀𝐴∀𝐵∃𝑃(𝑃 = 𝐴×𝐵).

3. Given two arbitrary sets 𝑋 and 𝑌 , we say by definition that a set 𝑓  is a function 

from 𝑋 to 𝑌  iff 𝑓 ⊆ 𝑋 × 𝑌  and (∀𝑥 ∈ 𝑋)(∃!𝑦 ∈ 𝑌 )((𝑥, 𝑦) ∈ 𝑓). In such a situation, 

we use the notation 𝑓 : 𝑋 → 𝑌𝑓 : 𝑋 → 𝑌  to mean that “𝑓  is a function from 𝑋 to 𝑌 .” We 

then define the domain of 𝑓  as 𝔡𝔬𝔪(𝑓) ≔ 𝑋𝔡𝔬𝔪(𝑓)  and the codomain of 𝑓
𝔠𝔬𝔡(𝑓)

 as 𝔠𝔬𝔡(𝑓) ≔ 𝑌 .

When 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 , we define the functional notation 𝑓(𝑥) = 𝑦 :⇔ (𝑥, 𝑦) ∈ 𝑓 .

a. Does there exist 𝐼  such that, for every 𝑌 , there is a unique function 𝑓 : 𝐼 → 𝑌 ? You must justify your answers to these 
questions with a proof!

b. Does there exist 𝑇  such that, for every 𝑋, there is a unique function 𝑓 : 𝑋 → 𝑇 ?
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