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Practice Exam 1

Discrete Structures

28" day of September of the year of our Lord 2026

Answer the questions below by selecting exactly one answer for each.

1.

10.

. Which of the following propositions contradicts the axioms of arithmetic?

Let ¢ be a wff. Which of the following are equivalent to Vn(¢(n))?! I This question has three valid answers.

@ (0) A VE(p(k) = ¢(k + 1)) ® (0) A -3k(p(k) A —~p(k + 1)3 S2V k. (7 (@) a7 (ken))

O VK(Yi(j < k= 0(j)) = p(k+1)) @ V(Yi(j < k= o(j)) = ¢(k)) &((ﬂff.ff’ i éf?)))
-5 l :

jn ™ W

O xVy(suc(y) # z) o :S e Pdaag" ;v;z;EiyEJz(x +z=y)
® Valy(suc(y) = 7) Foutvadicts tis O F2Vy3z(z +2 =)

. If p and q are propositions, which of the following can be inferred fromp V ¢ ?

"%
O“p—+—q O p Pvg = gvpz17qvp= M P
O -pA—gq ® ¢g—op
. If p and q are propositions, which of the following is equivalent to =(p — q)?
®.paxy Do N pag)ix Tpvg) ¥0TPATES pPadiq
O pV—g O ~¢g—-p
. If pis a wff such that Vk(p(k) = ¢(k + 2)), which numbers must ¢ be true about?
O The even natural numbers O All of the natural numbers
O None of the natural numbers @ Not enough information
. This sentence is false.
O True @ Neither True nor False
O False | O Not enough information
If this sentence is false, then Im(3 = 2™).
O - True O Neither True nor False
O False @ Not enough information
If 0 is a multiple of 2, then this sentence is false.
O True @ Neither True nor False
O False O Not enough information
In the theory of arithmetic, the symbol suc({) denotes a predicate.
O True O Neither True nor False
@ False O Not enough information

Strong induction is capable of proving more things than weak induction.

O True O Neither True nor False
@ Fulse O Not enough information

(‘Q(O\ A Ye(e) = ‘Q(KH))) A VK(VS(jck-b Q)] CQ(K)) :
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Follow the instructions for each question below.

1.

 Unsann be candt we cont donive @ (d) ! Soue Caagﬁfw L (n

T'(l):=4
T(2n):=2T(n) + 2n

\V/"‘( dm(n=2") =2 T(n)- V\-l<>3z(w) v “"‘4).

Find a closed form for the recurrence relation given below. Your closed form
should not involve iterated operations. You do not need to justify your answer.

T(W) = 2:T(Y2) + »
=’ 2.(2 T(2),,) 4 "/z) 0

EZET(g) + 2w
":' 21: (Z T ((n/ z‘}z )+ ‘yzz) +Zn
=Z$T(“/z3)+ 3n

’
(

Let ¢ be a wff and consider the two propositions given below.

‘v’k(‘v’j(j <k= <p(j)) = go(k))
VE(Vi(G < k= 0(5) = olk+ 1))

Explain why the first line is equivalent to Vn(¢(n)) but the second line is not.
T+ shodd be clot Had Yn(WLin)) annplics bol £Lined above ;
e umiverdad elimination fo prove @ (k) (fastbine)

Q(k+1) (second Line). Zefs Look ok o comerse direcktion.
Assuming YK Wi(jek »@i) = @k)), Hhon we Know su

ariclon, “whon k=0", Hof V_j (jw =5te(5)l = @(0) .
g‘““ Vx (x20), e prevse of Ynic T jpmern, condikioned
M 0l | nich meam/] VJ (_\(‘O => Ce(&)) M;&.ue,a{)’o '
Medid Povent Hom a4 wed i}@(o)” AR A ;Z::?
Like ot seutence Ao Aoing sndihion. "willolh & batis step”
Thew, whew K=1", we have V(i< 20() D €W, and s

Hud Cant M::f? vmrf A $wl-'os['?ikj Mrmﬁ«e ‘j‘H«Q
Imer condih w0 O, SO W Cam 4.\«\«(&‘ e Stotepment
+o (o<1 Do) D @), whick A—Jm'ﬂ'afed fo Y)Y,
S‘v.ecwe_\ verifresl U (0), Modid Porewd a tells
w "(é(l)_’ . Conining o inm Hag way. N&CMF.Z‘:’\CQCM)
The Gocond Line 8044 YRV ik QL)) QLK) anndl vhou k=0
VBN % siwplified to (€loin @) = @z2). Allof Hate
comditsomal tabeuweints, bt wedoit Know He pramise of amy

Vi (540 2@(i) & @), whitl amplfid to ¢(0) ).

2 25T (%) + 8k-n

(Gt et

- Z“Jz(k.Lr (%’3‘-‘")4‘ ‘031(“) 3

*N-TU+ - Joge (n)
= 4n ¢ M'lcgz(vﬂ.

WWK’-Z, MM'
Bz »@y)) = @a,

WS/ Atmfwec"/:led o

(o) AQL)) 2 Q2.

Shace wWe Kuow loo flh Y (0o)

€O, we M}b@ g(2)

/m-awjn'.



NAME! DM\A(”@ Gvenaa.&,n Cu(/m NETID: cza@:.e

For this problem, you may rely on any result of arithmetic we have studied.
You may carry out calculations involving addition, multiplication, and expo-
nentiation of specific numbers without justification.

W)

We define a natural number z to be “even” when 3y(z = 2 - y). We similarly define a
natural number z to be “odd” when Jy(z =2 -y + 1). Pt = L e S
4 KEN ( Gowad’ Libth. Theowinn

Prove that n - (n + 1) is even for every natural number n. 5

7" “
Pﬂﬁi“ L n be an aAbc;tij Wmm,a,:\zmw te flaouums Z"éoi siashihe)
%x)«ccu,«hamdmém, we Knew é' & o moturnal W,MW
m( 2w = n-(140). s higwd N1t 4 erein '7 d%wﬁw GE

P&%?f we Wﬂp"“‘(— Vh(gm(Zvn'-' V\'(vu-n\)) b? sndunchon .
BMS"’&F. We welf shew BM(ZM?_O,(O“)).

Obserwt  O.(0+1) = O. (1Y) =0 =20. loreforn, Fm(2:m=0-(0+1) .
TedvelveStep: Zef K Le m* anbiiany nabwrod twmmben

ASSM Am(2m = K(k+n) . Thes means Here exsts some | such that 23= Ki(k+i).
We wed 10 slow Fm (2w = (k+1)-(ktn+1)) . Lo, .@K‘W‘,‘A/ﬁi obsere.

K+) (kB +1) = (k1)) (K+(141)) by aMoc.‘dFv(lD a# addifion
= (K+1)( k+2)
= (K+\)-K + (K+1)-2 b} M"Mw‘y M%M?m
K:(k+1) + 2: (k1) (7 Commmuhuhiity ¢mwwpl«‘cmm
=(23) +2-(rt1) b; Wt mduchint. boppotlobi

= Z.( i+ (Km) ? M;éd,\,f? ,1 M/‘/ﬂl\w/'w dven

]

Addiioan
Simee A omd K art nofrnal Nnioer) , (S+(K+n) 2 o madweak Nunnber, ouwd

W’t 3M(Z-m= (K+1) ( (k1) H))MW,
;\"‘LC—"V"‘/(M"&— VM(?m(zm= M'(H{-I))) b ‘nI.WMQOWA MW&,

Whithh meowd  V-(n4) o earesn 'F&n—%o? Wuhméa ? %‘H&n-
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4 For this problem, you may rely on any result of arithmetic we have studied.
You may carry out calculations involving addition, multiplication, and expo-
nentiation of specific numbers without justification.

Given two arbitrary natural numbers z and y, we say that “z divides y” when we can
express y as a multiple of x —we define this formally below.

2|y 4 3mlz -m=y)

Use any valid form of induction to show that 4 | 9" + 3 for every natural number 7.

P"ﬁf'° We wl FMW. Vv\( L| lqug) %(/ W"m CWW&?M’) |
Vi( i<k (4]qiss)) ¢ -—---= """ "=~ twssaomr imdustin hypottssss

We pwtd oo prove Lflq"+3, we fake Ywo caded.
Cogl: Su,naou K=0. N, A°43 = 143=4 =41, 50 dm(4m=9°3).
oo skows 4 [g°+32 b} aﬁa{mam.
Coseas S'*ff"‘“ K#o, whicl im(a&‘w flore exsts § Sweh fat K= 3t Hauwkk fo a Huntn .
We wow obserwd : Gkiz = qit 4y = qs q+3 b} &%w*m o exponsuiintion
= q4+(84N 43
<058+ 4°0) +3 by dituintuny of wakbipbeatiom ougj i,
- 0\:‘-8+(q3.|+3) b} Mooaw«l—u‘v(? rfaw{ch‘aw
* 48 +(9°43) pecane Yx (x-1=x).

Nows notict tuat K=itl iplies REEIEN K> b} wikion, SO b} e gndactis
lﬁ}F"M &, Gl 5”":) 4.2 =-"f'5+-3 {am some uphnal uummber L. flein,we see

Q%)+ @3+y) = alg + 44 G}MW N ieds
= (4-2)9% + 42 Q;WV 4%"“‘“’“" Lo
= G- ) + AL -y slaasiatbiv ¢4 ,rwm
= 4-(2934+ ) k;M/«M’mﬁ ?’WWMNWM“
Swace SMLWMWMMW, Z.qi.;_,( i a natunel wawber, so
Fm( 4m=9"43), whice weand 4 [g%43 by e fuibionn -

flonfre, we comcluck ook 4| 45+3 a4 desirad ) Aowing Vn( 4[4%+3) by Ho Homgun
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5 For this problem, you may only assume the statements written on the side.

[n this problem, you may assume all of
the axioms of the theory of arithmetic.

0. dz(z = 0).

1. Yz(suc(z) #0)
2. VzIy(y = suc(z))
3

Prove that multiplication distributes over addition by demonstrating the following.

VaVyVz(z - (y + 2) = (z - ) + (z - 2))

P&né}‘ Lek ‘xomalj be watuwreld wumberd. We wild OV
Va( X:(y+2) = @)+ (x-2) b} (weak ) puduct o, . . Yz¥y(sue(z) = sue(y) = z = )
4. The Schema of Weak Induction

M‘? . \A)L wuu S‘\M 'x- (n-\-o ) - (x'j) + ( yx 0) . Additionally, you may assume the fol-
Obserut X ( ‘j+ o)= X 5 b P S oj 0t D lowing theorems about addition.

5. Vz(z + 1 = suc(z))

= (wy) +o bg dofocition f«mm 7. VaVyVa(z + (y+2) = (z+) +2)
8. VzVy(z +y =y + 1)
- x- . e
( n) +(x 0) &%wu‘oam imﬂ Mu may also assume the following

"nu“, %(3 'I'O) = (xﬂ) o+ (20) : theorems about multiplication.
W“-Jityt Lek K be aw Mbéﬁ'dfj nafured munber, Ig: :igg:f:g))/\viv(l'z=x)
?’%W X(Y+k) = (2:4) + (%K) . Wewill now show (4 +sucte)) = (x9)+ (%-Suc(r)).

X (Y+sac(k) = % Suc (Y+k) é}&fwhbw% addition.
= XY+k) + % b; L b 4 Wf&uﬁau
Pl ) r by fe dedicki byl
T RY KDy aodnti o acldito~
= XY+ x-Suelr) b; /lfw'kou % Wo@&aﬁ%
lowfo, % (Y+suc) = () + (K-suc(r)) ot eqund.

We WL conclude YaVo¥e ( a - (b+c) = (@) + (a-Q)) b} #“L}emr.m s%::a. -

Ges -



